A new method of solving the many-body Schrödinger equation is proposed. It is based on the use of constant particle-particle interaction potential surfaces (IPSs) and the representation of the many-body wave function in a configuration interaction form with coefficients depending on the total interaction potential. For these coefficients the corresponding set of linear ordinary differential equations is obtained. A hierarchy of approximations is developed for IPSs. The solution of a simple exactly solvable model and He-like ions proves that this method is more accurate than the conventional configuration interaction method and demonstrates a better convergence with increasing basis set.
INTRODUCTION
Møller-Plesset perturbation theory and configuration interactions (CI) are conventional methods of treating electronelectron correlation in the theory of atoms and molecules [1] . Unfortunately, due to the presence of the correlation cusp [2, 3] in the wave function, both of them reveal slow convergence of electronic energy with increasing basis set.
Density functional theory (DFT) [4] [5] [6] [7] is another approach for the solution of a quantum many-body problem. Based on the solution of Kohn-Sham equations [5] , it has been successfully applied to many problems [7] , however, the exact form of this functional has still been unknown, and its approximated forms do not always provide the needed accuracy, for example, in treating systems with strong electron-electron correlations [8] [9] [10] .
All these arguments are good reasons to search for other ways of treating the correlation problem. To speed up the convergence, explicitly correlated methods have been developed over the past two decades [11] [12] [13] , in which the wave function explicitly depends on the electron-electron spacing. The iterative complement interaction method was formulated in [14, 15] . This paper is aimed at developing another way of treating the correlation problem, which was previously presented in [16, 17] . The theory is based on the introduction of constant particle-particle IPS. From the definition of such surfaces it follows that the particle-particle interaction acts along the normal to the surface and, therefore, does not affect the particle motion on the surface. Further a new form of the many-body wave function and equations to find it is proposed and applied to a simple model system and the calculations of the ground state of He-like ions. 
CONFIGURATION WEIGHT FUNCTIONS AND EQUATIONS DETERMINING THEM
Consider the Schrödinger equation of n interacting particles
where 2 e x t 2 e x t
is the kinetic energy and external field operator, and V is particle-particle interaction operator, and a collective variable is introduced
Here R stands for a set of particle coordinates r 1 , …, r n , и r ij = |r i -r ij |. The constant IPS V(R) = 1/p determines a subspace of particle coordinates in which the particle motion is correlated ab origin to not change IPS. Since the resulting interaction force is directed perpendicular to the surface, the particle motion on the surface can be described by the wave function
satisfying the Schrödinger equation of noninteracting particles H(R), i is the vector with components i 1 , …, i n . We represent the solution of the Schrödinger equation of interacting particles by the wave function in the form
Function (4) has the form of a CI function in which constant coefficients are replaced by functions χ i (p(R)) dependent on the interaction potential at the point R.
The energy minimization ( ) ( )/ ( ) ( ) E dp p H p dp
with respect to χ i leads to equations
where
Eqs. (6) is a set of linear ordinary differential equations with eigenvalues equal to the system energy. The terms containing derivatives of χ i describe additional contributions to the kinetic energy, which arise when the electron redistribution between different IPSs occurs. There is no such a redistribution for non-interacting particles, χ i becomes constant, and differential equations (5) The boundary conditions for χ i follow from the demand for Ψ to be finite in the whole space
For small p equations (5) can be approximated by 2dχ/dp + χ/Z = 0 with the solution χ(p) = e Zp/2 , which provides the boundary conditions for small p. Let us introduce functions ( , ), l ij p E ω which are the solution of (5) with the energy E for boundary conditions
The common solution of (6) can be presented in the form
.
Since the particle-particle interaction tends to separate the particles, it can be expected that ( ) p χ is a growing function of p, with the growth being not too fast to prevent total function divergence. The valid boundary conditions depend on the behavior of t ij and u ij when p → ∞ and should be discussed for particular problems.
CONSTANT IPS AND ITS APPROXIMATIONS
In the case of two particles with a fixed position of one of them, constant IPS is a sphere with a radius r 12 with the fixed particle in the center. For n particles the values r 1i , i = 2, …, n determine n -1 spheres on which the remained particles do not change IPS with the first particle. To save IPS with two particles at set r 2i , i = 3, …, n, the other particles must move along the circles of the radius ρ i = r 1i sinν 1i , which are formed by the section of spheres by planes z i = r 1i cosν 1i , 
The setting of r 3i , i = 4, …, n determine two points on the circles with coordinates
The r 3i values must satisfy the inequality
The setting of 3(n -1) values r i≤3, j>1 determines a polyhedron with the particles at its vertices. Rotation of the polyhedron about the r 12 axis, subsequent rotation of the r 12 axis about point r 1 , and the motion of this point in the space set constant IPS.
Different combinations of r i≤3, j>1 can give the same IPS. As seen from Fig. 3 , IPS is a plane in the space of the pair potentials {ν ij }, which will be referred to as the v-space. The dimensionality of this space is n(n -1)/2, however, the restriction introduced above reduces it to 3(n -1). Each point on constant IPS ν 1 can be transformed into a point on the surface ν 2 by coordinate scaling r ij (ν 2 ) = r ij (ν 1 )ν 1 /ν 2 . This means that it is enough to construct only one constant IPS, e.g., ν(ν 12 , …, ν n-1, n ) = 1 and obtain the others by the scaling transformation.
Due to the multidimensionality of the plane and disability to integrate over the variables on the plane independently a numerical integration over the surface can be performed only for several particle systems. Therefore the extension of the theory to larger systems requires simplifications. Possible simplifications are proposed below.
Firstly, constant IPS can be introduced for the potential acting on a particle from the side of the other particles. For one particle at 1 r it consists of n -1spheres of the radius 1i r . In this case, for the calculation of matrix elements of the operator F we have
θ θ ϕ and the integration over по Ω 1i can be performed independently. As a result, the dimension of the constant IPS decreases to n -1. Another simplification is the introduction of a set of approximations to the theory based on the further decrease in the IPS dimension by averaging over coordinates of a part of particles. Obviously, the averaging over all particles except two describes the motion of exactly correlated pairs in the averaged field of the others. It can be called the independent pair approximation. Independent triplet, quadruple, etc. approximations can be introduced similarly. As a result, we obtain a sequence of approximations for matrix elements (6)
-m particles and the interaction operator between these two spaces F(R) = F(R m ) + F(R n-m ) + F(R m ,R n -m ). In accordance with this representation, the total energy can be presented as a sum of energies of m and n -m particle systems and their interaction energy. The energy of n -m particles gives the constant contribution to the eigenvalues of (5). The interaction term in this approximation is an external field acting on the m-particle system. Thus, (5) is reduced to a set of equations for m particles in the external field and the middle field of other particles.
A SIMPLE EXACTLY SOLVABLE MODEL
To test the developing theory, we considered a simple model, three particles in one dimensional infinite square potential well. To avoid errors in the approximation of derivatives by finite differences we ab origin used a discrete space containing ten points. The kinetic energy operator at the i 1 point of this space is given in the form 
where α numerates functions and i numerates points. From these functions a set of configurations can be constructed:
To check the convergence of the CI method the problem was solved with regard to a different number n f of basis functions (11) used to construct the configurations. Table 1 1lists the four lowest eigenvalues for different n f for CI and various approximations of IPS in the theory developed: S 3 for the potential v 12 +v 13 , S 13 for v 12 , and S 2 . On some surfaces functions (11) turn out to be linear dependent and for such surfaces a new orthonormal basis set was constructed.
The results show that for n f = 8 all methods give an exact solution. They remain exact for all states for S 3 and S 13 with an increase in the number of basis functions up to n f = 4, and for the ground state up to n f = 3. This is a consequence of the maintenance of the number of linearly independent configurations up to n f = 4. For S 2 and CI approximations the decrease in the basis set causes a decrease in the number of linearly independent configurations and the calculation accuracy drops, for CI this drop being more rapid than that for S 2 .
He-LIKE IONS
In the solution of the Schrödinger equations for He-like ions it is convenient to use atomic units divided by the nuclear charge Z and Z 2 , respectively, for the length and energy. In these units the Schrödinger equation for the r r E r r r r r r r r Zp r r
Expressions (6) can be written in the form t ij (p) = 2s ij (p), For the description of 1 S 0 states we use the wave functions corresponding to 1s, 2s, and 3s states of an a electron in the nuclear field: ϕ 1 (r) = 2e -r , ϕ 2 (r) = (1 -r 2 )e -r/2 / 2 , ϕ 3 (r) = 2(1 -2r/3 + 2r 2 /27)e -r/3 / 2 7. From these function three configuration with the lowest energies are constructed:
and Φ 3 (r 1 ,r 2 ) = (φ 1 (r 1 )φ 3 (r 2 ) + φ 3 (r 1 )φ 1 (r 2 ))/ 2 . The matrix elements with these functions were calculated analytically.
To define the boundary conditions at p → ∞ the solution of system (5) is presented in the form e λp . The substitution of this representation into (6) leads to
where n is the number of configurations taken into account. System (12) has a non-zero solution if det(Λ) = 0, where the matrix Λ is determined by the expressions in brackets in (12) . Determining the functions ( , ) r ij p E ω , which are the solutions of (5) with the boundary conditions ( , ) , ( , )/ ( ) , r r ij ij ij ij p E d p E dp E ω =δ ω =λ δ where λ is the root of det(Λ),satisfying the condition e 2λp s ij (p) < ∞, the general solution of (5) can be presented in the form
The c l and c r coefficients are determined from the continuity conditions of l i χ and r i χ functions together with their first derivatives at the point p. These conditions can be met only for certain energies E of the system. To solve (5) with boundary conditions (7) and (11) the 4th-order Runge-Kutta method was employed. In (12) p = 80 was used. The energies obtained for the ground states of He-like ions are given in Table 2 along with the results of HartreeFock and CI approximations. The use of only one-configuration approximation of the theory developed gives energies slightly below the Hartree-Fock limit. The inclusion of the second configuration yields results with the accuracy of the routine CI approximation with 35 configurations [19] . Our energies are slightly higher than the CI results form H -to B 3+ and lower for the other ions. The inclusion of the third configuration gives the lowest energies of those listed in Table 2 . Moreover, for the ions up to Be 2+ the energies turned out to be lower than experimental, which seems to contradict the variational principle, however, corrections for the finiteness of nuclear masses M = (M + m) result in the energies of He of -2.903501, Li + of 7.280415, and Be 2+ of 13.656841 and eliminate this contradiction. Note that ground state energies of He turned out to be lower than those obtained in the most accurate calculations with the Hylleraas functions. Apparently, the difference between the Hylleraas energy and experimental ones cannot be decreased due to the incompleteness of the Hylleraas function system. The configuration weight functions for one-, two-and three-configuration approximations are shown in Figs. 1-4 . In all cases, 1s1s configurations are increasing functions. The growth of the functions slows down with increasing nuclear charges and in the limit the function tends to be constant. The growing weight functions decrease the probability of finding an electron at small separations from each other and increase this probability for larger separations. For the two-configuration a [18] . b [19] . c [20] . d [21, 22] . approximation the 1s2s weight function is substantial for small p and decreases with increasing p and the nuclear charge (Fig. 2) . The 1s3s configuration weight function for He (Fig. 3) at small p significantly exceeds the 1s1s and 1s2s configuration weight functions, however, with increasing p 1s1s becomes dominant. For Ar 16+ the 1s2s and 1s3s configuration weight functions are similar to those for He, however, their relative values decrease in comparison with the 1s1s function (Fig. 4) .
CONCLUSIONS
The proposed theory can be considered as an extension of the CI method in which the configuration weights are replaced by functions depending on the interaction potential values, which makes the wave functions more flexible and eliminates the effect of wave function cusps on the convergence rate with increasing basis set. On the other hand, the method can also be considered as the generalization of method for the explicit taking into account of correlation because the configuration weight functions explicitly depend on an electron-electron separation. However, this dependence is determined by the derived equations rather than set beforehand as it is made in the current methods of the explicit taking into account of correlation.
The solution of the model example has shown that even in the lowest approximation the proposed theory with increasing basis set converges more rapidly to the exact result than the CI method.
The performed calculations of He-like ions show that the developed theory enables calculations with higher accuracy than that of calculations by other methods. With the use of only three configurations constructed from 1s, 2s, and 3s wave functions of non-interacting electrons the calculation accuracy exceed the accuracy of the ordinary CI method taking into account 35 configurations constructed from s, p, d, f, and g Slater functions [19] , CI with 15 configuration constructed from five Slater functions with the explicit taking into account of correlation up to 5 12 r [20] , with the Hylleraas functions containing thousands of terms. The results were obtained without the iteration procedure of the self-consistent field, which makes the proposed theory not only most accurate but also most cost-efficient.
